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Introduction 

mch of jaatheaaticB is concerned with numbers and their properties, but 
nUBbers are not the only things in mathematics that interest people. Uving 
as we do in the "Space Age", we hear much about points, lines, planes, and 
space. The study of concepts like these is called geometiy. 

For over 4,000 years men, in trying to understand better the world in 
vfaich they lived, have studied geometry. The geometry we study today, called 
"a;clidean" geometiy because a famous Greek mathematician named Euclid 
organized (about 300 B. C.) aU that was then known into several books, is 
vejy much like what the Greeks studied although some of our words and ways 
of looking at things are different. 

Although geometry may involve the idea of distance and measurement, it is 
not necessary to do this. A great deal of geometry, usually called non-metric 
geometry, does not need concepts of numberss and measurement. In this pamphlet, 
we shall study such geometiy and discover some of the many interesting ideas 
about points, lines and space. 

Today when we are sending rockets toward the moon and satellites into 
orbit, the study of geometrical ideas like these is more important than ever. 
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1. Points , Lines , and Space 

Points. The idea of a point in geometry is suggested by the tip of a 
pencil or a dot on the chalkboard. A geometric point is thought of as being 
so small tli&t it has no size. In geometry we do not give a definition for 
the ter^ "point." What we do instead is to describe many properties of points. 
In this way we come to understand what mathematicians mean by the term "point." 

S£ace. Ve think of space as being a set of points. There is an unlimited 
quantity of points in space. In a way, we thiiik of the points of space as 
being described or determined by position— whether they are in this room, in 
this world, or in the universe. 

LiMS. For us, a line is a set of points in space, not an^ set of points 
but a particular type of set of points. The term "line" means "straight line." 
All lines in our geometry are understood to be straight. A line is suggested 
by the edge of a ruler. It is suggested by the intersection of a side wall 
and the front wall of your classroom. 
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A geometric line extenda without limit in each of two directions. It 
does not stop at a point. The intersection of a side wall and the front wall 
of your classroom stops at the floor and the ceiling. The line suggested by 
that intersection extends both up and down, indefinitely^ far. 

You have probably heard people say, "as the crow flies." A crow usually 
flies directly from one landing point to another. The expression therefore 
means ''in a straight line." Crows do not flit about as bats do. The path 
of flight of a crow, then, suggests a geometric line. We should iinderstand 
that the "line" does not start or stop at the crow's resting places. It 
extends endlessly in both directions. 

Think about two students holding a st-'ing stretched between them. In 
Bsxy position where it is straight, the taut string marks a portion of a line. 
It is the line through one student's fingers and also through the other's. 
The line itself goes beyond where they hold the string. The string is not 
the line or any part of a line. It Just represents the line we know to be 
there . 

With the students' fingers in the same positions, is there more than one 
possible position for the taut string? You probably think, "Of course not," 
and you are right. You now have discovered a basic property of space. 

Property 1: Through any two different points in space there is 
exactly one line » 

As you can see, there are an unlimited number of lines in space! 

By using lines ve can get a good idea of what space is like. Consider a 
point at a top comer of your teacher's desk. Nov consider the set of all 
points suggested by the walls, the floor, and the ceiling of your classroom. 
Then for each point of this set there is a line through it and the selected 
point on your teacher's desk. Each line is a set of points. Space is made 
up of ail the points on all such lines. Remember, these lines extend outside 
the room. 

Just as we do not precisely define "point" and "line," we do not 
precisely define "space." We study its properties and in this way understand 
it. An idea of space was known to the ancient Greeks who worked with the 
concept. We too can only really understand ideas like those of space and 
point after a groat deal of study. We can't expect to learn everything about 
them in a few ciays, a w^jek, or even this year. 
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Class Discussion Problefflp 

1. Consider one the lines that pass through the pencil sharpener and 
the knob of the entrance door to your classroom. What objects in the 
rooci are "pierced^' by this line? What objects outside the room are 
also "pierced" by this line? 

2. A mathematical poet might sa>^ "Space is like the bristling, spiny 
porcupine." In vhat ways is thif description like t^iat in the discussion 
following the statement of Property 1? 

Exercises I 

1. For party %corations. crepe-paper ribbons were draped between two points 
on the gymnasium walls. Does this show, contrary to Property 1. that 
there may be several geometric lines through two points? 

2- Wlien a surveyor marks the boundaries of a piece of land, he places stone 
"monuments" (small stone bl->cks) at the comers. A small hole or nail 
in the top of each monument represents a point. He knows that, if the 
monuments are not moved out of position, the original boundaries may be 
determined at an^^ later time. How can he be sure of this? 

3. A harp or Vj^olin player must learn exactly where to place his fingers on 
the strings of his instrument to produce the sounds he wishes to hear. 
Sometimes a string will break and be replaced by a new one. How does 

he know, without looking, where to place his fingers so that they vill 
rei^t on the new string? 



2. Planes 

Any flat surfEi-e nuch as the wall of a room, the floor, the top of a 
desk, a piece, of ply^^^od^ or a door in any position suggests the idea of a 
plane in mathematics Like a line in mathematics a plane is thought of as 
being unlimited in extent. If you begin at a starting point on a plane and 
follow paths on the plane in all possible directions, these paths will remain 
in the plane but have no endings. A plane, then, would have no boundaries! 

We think of a plane as containing many points and many lines # As you 
look at the wail, you can think of many points on it, and you can also think 
of the lines containing these points. Tl-ie edge where the side wail of a room 
meets the ceiling suggesti^ a line in either the plane reprei^ented by the 
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c«lXi2;£ or the plane represented V the lide vmll. The edges ot the chalk 
trey represezxt lines in the clessroca. At least one of these is in the plane 
represented by the chalkboard* Ai^ nusiber of points and lines could he marked 
on the chalkboard to represent points and lines In geometry. 



Mathematicians think of a plane as a set of points in space. It is not 
Just any set of points, but a particular kind of set. We have already seen 
that a line is a set of points in space, a particular kind of set and a 
different kind from that of a plane. A plane is a mathematician's way of 
thinking about the "ideal'^ of a flat s\irface. 

If two points are marked on the chalkboard, exactly one line can be 
drawn through these points^ Is this just what Property 1 says? This line is 
on the chalkboard. The plane represented by the chalkboard contains the set 
of points represented by the line which you have drawn # 

Think of two points marked on a piece of plyi^d. Part of the line 
through these points can be drawn on the plywood (recall that "line" mesns 
"straight line*^). Must the line through these two points be on the plane of 
the plywood? We can now conclude: 

Property 2: If a line contains two different points of a plane . 



Kotice a pair of comers of the ceiling in the front of your rcKjm. In 
how many planes is this pair of points contained? If one thinks of the ends 
of the binding of his tablet as a pair of points, he can see that the planes 
represented by the pages of the tablet contain these points. 





it lies in the plane. 
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The q]uestlon might be Mked, **Hov ssai^y planes contmin a specified pair 
of points?*' The tablet with its sheets spread apart suggests that there are 
aaoy planes through a specified pair of points. Tiuc front »11 and the 
ceiling represent two planes through the point represented by the tvo upper 
front comers of the iroom. Styosf by joeans of hand sK^tions the positions of 
ether plaxies through these two points. A door in several positions represents 
laany planes passing through a pair of points-^its hinges* We can say^ "Many 
planes contain a pair of points." 





Suppose next that ve have three points not all on the same line. Three 
comers of the top of your teacher's desk is an exaogjle of this. The bottoms 
of the legs of a three-legged stool is another example. Such a stool will 
stand solidly against the floor, while a four- legged chair does not always 
do this unless it is very -well constructed. Spread out the thumb and first 
two fingers of your right hand as in the figure above. Hold them stiffly and 
think about their tips as being points. Nov take a book or other flat surface 
and atta^pt to place it so that it lies on the tips of your thumb and tvo 
fingers (on the three points). Can you hold the book against the tips of 
your thumb and two fingers? If you bend your wrist r*nd change the position 
of your thumb and fingers^ will the book be in a new position? With your 
hand in any one position, Is there more than one way in which a flat surface 
can be held against the tips of your fingers? It seems clear that there is 
only one position for the flat surface. 
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Property 3 * Any three points not on the saiae line are in only 
one plane . 

Do you see why this property e^jggeats that if the legs of a chair are 
not exactly the same length that you may be able to rest the chair on three 
legs, but not on four? 

In the figure above, there are three points. A, B, and C in a 
plane. The line through points A and B and the line through points B 
and C are drawn • The dotted lines are drawn so that they contain two 
points of the plane of A, B, and C. Each dotted line contains a point of 
the line through A and E, and a point of the line through B and C, 
The dotted lines a^e contained in the plane. Which property says this? The 
sets of points represented by the dotted lines are contained in the plane. 
The plane which contains A, E, and C can now be described. It is the 
set of all points which are on lines containing tvo points of the figure 
consisting of the lines through A and B and through B and C# 

Class Discussion Problems 

1. A plane contains three points suggested by the two front feet of the 
teacher's desk and the pencil sharpener. Throiigh what objects in the 
room does this plane pass? What objects outside of the room? 
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Place & ruler, edge up, upon your desk. Keep one edge of a surface, 
such as a piece of cardboard, in noviag contact with the desk top but at 
the same tiae keep the surface in contact vitt the upper edge of the 
ruler. Make the surface slope gradually, then steeply. In how many 
different sloping positions aai^ the **surface" be placed? On your desk, 
near but not in line with the ruler, place an eraser, tack, corbie, or 
some other sm a l l object that would suggest a point. Place the surface 
on this object and the upper edge of the ruler. In hov may different 
sloping positions ssay the surface be placed this tiiae? Hov do these tvo 
situations shov what is meant by Property 2 and Property 3? 

Exercises 2 

In a certain arrangement of three different points in space, the points 
can be foiind together in each and every one of many different planes- 
How are the points arranged? 

In another arrangen^nt, three different points can be found together ia 
only one plane. Hov are the points arranged? 

Photographers, surveyors, and artists generally use tripods to support 
their ec^ui^nt. Why is a three-legged device a better choice for this 
purpose than one vdth four legs? Hov does Property 3 apply here? 

Hov njaiv different lines may contain: 

(a) One certain point? 

(b) A certain pair of points? 

How many different planes may contain: 

(a) One certain point? 

(b) A certain pair of points? 

(c) A certain set of three points? 

Why ic the word "plane'' used in the following names: airplane, 
aquaplane? Find out vhat the dictionary states about plane sailing, 
plane table, planography. 

How many lines can be drawn through four points, a pair of them at a 
time, if the points lie: 

(a) In the same plane? 

(b) Not in the Game plane? 
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Explain tiu» following: If two different lines intersect, one and only- 
one plane contains ^oth lines* 



3. Raffles and Symbols 

It is customary to assign a letter to a point and thereafter to say 
"point A" or "point B'* according to the letter assigned. Short-cut 
arraxsgements like this are useful, but we should be certain that their 
meanings are clearly understood. 

A dot represents a point* We shall tell which point we have in mind by 
placing a letter (usxially a capital) as near it as po'ssible. In the figure 
below, which point is nearest the left margin? Which point is nearest the 
right margin? 



B 



D 



A line may be represented in two vays, like this ^^^^^..^^^'^^^"'^''^ 

simply like this — ^""^ • In tLe Tlrst drawing, what do the arrowheads 
suggest? Does a line extend indefinitely in two directions? The drawing, 
then, suggests all the points of the line, not just those that can be 
indicated on the page. 

If we wish to call attention to several points on a line, we shall do 
it this way: 

^ B ^ 

A C 

and the line may be called "line AB.^' A symbol for this same line is 
Other names for the above line are ''line AC" or '*line BC/' The 
corresponding symbols would be AC or BC. 

Notice how frequently the word "represent" appears in these explanations. 
A point is merely "represented" by a dot because as long the dot mark is 
visible, it has i^ize. But a point, in geometry, has no size* Also lines 
drawn with chalk are rather wide, wavy, and generally irregular* Are actual 
geometric lines like this? Recall that "line" for us means "straight line." 
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A draviag of a line by a veiy sharp pencil on very smooth paper is acre like 
our idt of a lice, but itg iagjerfections will appear under a nagnifying 
gla«i. mxa, by a dot we merely indicate the position of a point. A drawing 
of a line merely represents the line. Hie drawing is not the actual line. 
It is not wrong to draw a line free-hand (without a ruler or straight edge) 
but we should be reasonably careful in doing so. 

Just as we need to represent point and line, we find it necessary to 
"represeot" a plane. Figure (a) is a picture of a checkboard resting on 
top of a card table; Pigur (b) the same with the legs removed and Figure (c) 
the checkerboard alone. 




A table top suggests a portion of a plane. In this case the checkerboard 
suggests a smallfr portion and the indivic^l sections of the checkerboard 
still smaller portions of the plane. If we want to msWA a drawing on a piece 
of paper, we use a diamond- shaped figure as below. Rjints of a plane are 
indicated in the same way as points of a line: 




In the figure above, do points A and C seem closer to you than 
point B? If not, imagine point B as an opponent's checker at the far edge 
of the checkerboard. Then A and C would be checkers belonging to you. 
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In the above figure. A, and D are considered to "be points : 

the plane of the checkerboard. A line is drawn through point A and point 
B. Another line is drawn through point C and point D. According to 
Property 2, what can be said about aS? Property 2 states, "If a line 
contains two points of a plane, it lies in the plane." What can be said 
about D?? 

It is possible that a line might "pierce" or "puncture" a plane. A 
picture of this situation may appear thus: 




The dotted portion of PQ would be hidden from view if the part of 
the plane represented were the upper siirface of some object such as the 
card table* 

Once again, the drawing only "represents" the situation. 
This is a drawing of an open book; 




10 



If mil p«£ei of the book except one of the upright set were repoved, 
then the drawing would change t-o this: 




Oiia now suggests the intersection of two planes^ one containing the front 
and hack covers and the other containing the single page. Since theire is 
wre than one plane in the figure, it now hecaaes useful to lahel them. Let 
us assign letters to some of the points of the diagram. 




B 



How could we use Property 3 to identify the planes of the figure atove? 
Remensber that Property 3 states, "Any three points not all on the same line 
are in exactly one plane." Mould the letters ABD suggest the upright page 
or the book cover? Kote that point A, point B, and point D are "not 
all on the same line." Many people wotild agree that the upright page is 
suggested by these letters. The page in question suggests a plane and may 
now be designated as "plane ABD." Following this same arrangement, the book 
cover may be called, "plane ABC," but it seems that "plane ABE" would be 
another way of indicating the book cover! To show that apparently two names 
for the same plane may be given, it might be possible to write 
plane ABC * plane ABE if we are certain of ^t the equal sign means 
as used here. 
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35be notion of "set" will be helpful in expl&iniag what is xoesat by 
**e<ju«l" wbea applied this way. Let's see t&at facts can be ascertained about 
the situation described by the figure: 

1. Plane ABC is a set of points extending beyond the book cover, 

2. Plane ABE is a set of points extending beyond the book cover. 

3. Itoints A, C, and others not indicated are in plane ABC 
and are also in plane ABE, 

In other words, all elements of plane ABC, (a set of points) and elements 
of plane ABE (a set of points) seem to be contained in both sets (planes). 
We Shan say, "Two sets are egijal if and only if they contain the saiae 
eleaents." According to this, plane ABC * plane ABE, In other words, we 
say set M is equal to set S if M and N are two names for the saxoe set. 



Exercises ^ 
A 



A m 



B 



1. As one usually holds a page, which indicated point of the figure above 
is to the left of CD? To the right? Which indicated point is nearest 
the top of the page? The bottom? 



.D 



.c 



2. Transfer the points in the above figure to a piece of paper by tracing. 
Prom now on we shall refer to the copy you have natde. Vith a portion of 
a line, Join A to B, then B to C, C to B, D to A in that 
order. Kov Join A to B to F, C to G. What familiar piece 
of furniture might this sketch represent? 

12 

17 



u 



B 



3. Ifake a tracing of the aiKJve figure. Join A to B, B to C, C to 
B, D to A, A to X, B to y, D to V, and C to U. What has 
happened to the tahle? 




(a) 



(c) 



( 











(f) 



<9) 



(h) 



(!) 



Ki) (k) 



Each of the above sketches represents one of the familiar objects listed 
below. Match the sketches with the Daisys. 



Cot 

Ping Sbng table 

Carpet 

Chair 



Football field 
High imp 
Coffee table 



Line of laundry 
Ladder 
Open door 
Shelf 



5. Make sketches representing e£*ch of the following: 



Desk 

cube 



lyraoid with square base 
Cereal box 
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In the figure beXov, 1b point V a point of P^f Is point Q an 
element of the plane? Is V? Hov laany points of are elements of 
the plane? 




Figure ("b) 

Figui^ (t) is a copy of Figure (a), except for labeling. Three hoys 
named *^Tc^^^ who are in the same class might he called T^^ and 

to avoid confusing one with the other* Similarly, three different lines 
may be denoted as i^, J(^, and The small numbers are not 

exponents* They are called "subscripts.** Plane ABD in Figure (a) 
corresponds to M^^ in Figure (b), ^ in Figure (a) corresponds to £^ 
in Figure (b). 

In the left-hand column are listed parts of Figure (a). Match these 
with parts of Figure (b) listed in the right-hand column: 



Parts of Figure (a) 
1. 

2. Plane ABC 

3. Plane ABD 
Plane EBA 

5. AB 

6, The intersection of 

plane ABC and plane ABD 



Parts of Figure ( b) 
a. 

= . 
d. 

"^Does tbe second colvmn 
eroggest an advantage of the 
subscript way of lateling? 



ERIC 



11* 



I n 



8, In the figure at the right, 

(a) Does £^ pierce Mj^? 

(b) Also H^t 

(c) Is £ ^ the only line 

through P and Q? 

(d) What is the intersection 
of Mj^ and Mg? 

(e) Is in Mg? 

(f) Would £^ neet Z^? 

(g) Are and in the 
same plane? 



Intersection of Sets 
We now shall introduce son^ useful and iJ25>ortant ideas about sets. 

Let set A « {1,2,3,^,5,6,7,8,9} 
Let set B = [2,^6,8,10,12,U,l6} 

Let set C be the set of those elements which are in set A and are 
also in set B. We can write set C = [2,^,6,8}. We call C the 
intersection of set A and set B. 

Let set R be the set of pupils with red hair. 
I«t set S be the set of pupils who can swim. 

It might happen that an element of set E (a pupil with red hair) 
might be an element of set S (a pupil who cem swim). In fact, there may 
be no such conmjon elements or there may be several. In any case, the set of 
red*headed swlnsners is the. intersection of set S and set K, 

A set with no elements in it is called the "empty set.^' Thus, if there 
are no red- headed swimmers, then the intersection of set S and set R is 
the empty set. 

Let set H be the set of pupils in your classroom and let set K be 
the set of people under two years of age. Then the intersection of H and 
K is the empty set* !I5iere are no pupils in your classroom under two years 
of age! 
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We uae tht ayinbol O to mean "intersection/^ that is, E H F meana 
"the intersection of set I! and set P." I5sus, referring to the sets 
aentioned previously, ve write: 

A O B is [2,4,6,8} 

Ens is the set of red-headed swimmers 
H A K is the es^ty set. 




The figure above suggests two planes and M^. (M^ is like a 

ping-pong table. is like the net.) The line seems to be in M^^ 

and also in M^* Bvery point in which is also in seems to be on 

the line / . Thus the following statement seems to be true: ML^ O « ^. 

Some confusion occasionally arises around the use of the words 
"intersection" and ''intersect**. We can always talk about the intersection of 
two sets, even if the two sets have no elements in ccmmnn^ in which case we 
say the intersection is empty, or is the empty set. The word '^intersect*' is 
most often used irfien referring to the representations of sets. Thus we say 
that two lines do not intersect. We can say, however, in this case that the 
intersection of the two sets is es^ty. 

At times, when we are hurrying or are discussing a problem without being 
particularly careful, difficulties can arise. Taen it is necessary to be 
precise and identify whether we are referring to diagrams or the sets. The 
use of the word intersection is usxially more precise because we can talk 
about empty sets qxd.te rationally. The use of the word intersect varies 
with authors; we shall try to avoid it except ^en referring to physical 
interpretations . 
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1. 



2. 



Sxerclses k 
Write the set wiiOBe mcfflbers aire: 

(a) TJie viiole numbers greater than 1? and letjs than 23. 

(b) cities over 100^000 in population in your state. 

(c) 25ie members of the class less than k years old. 

Write three elements of each of the follovlng sets: 

(a) The odd whole numbers 

(b) The vhole numbers divisible by 5 

(c) The set of points on the line below^ soiae of which are labeled in 
the figure: 

^ * " R S 

Give the elements of the intersections of the following pairs of sets: 

(a) The whole numbers 2 through 12 and the whole numbers 9 through 
20 

(b) The members of the class and the girls with blond hair 

(c) The set of polntr on line 
and the set of points on 

line X jr^2 




i i) The set of points on plane 
and the set of points on 
plane M_ 




k. Let S - {^.8^10^12,15^20,23) 
T ^ (2,7,10,13,15,21,23) 
Find S n T. 

5, Tliink of the top, bottomt and sides of a cliaik box as sets of points- 

(a) What is the intersection of two sides that meet? 

(b) What is the intersection of the top and bottom? 



ERIC 



17 



6. Let S be the set of Nev £Qgl&&d States, T be the set of atates 
whose narws begin with the word "Nev," and V be the set of states 
which border Mexico. 

(a) List the states in the three sets, S, T, and V using the 
{ } notation. 

(b) What is S n Tt 

(c) What is S n V? 

(d) What is V H T? 

#7. The set of whole numbers which are laultiples of 3 is closed under 
addition. 

(a) Is the set of whole numbers which are multiples of 5 closed vmder 
addition? 

, (b) Is the intersection of the sets described in this exercise closed 
under addition? Why? 

-JtS. Explain why "intersection" has the closizre property and is both 

coflsautative and associative- In other words, if X, Y, and Z are 
sets, explain 

(a) X r\ Y is a set. 

(b) X n Y - Y n X. 

(c) (X n Y) n 2 = X n (Y n z). 



5. Intersections of Lines and Fleuies 

Two Lines • Look at a chalk box and think of the edges as representing 
lines. Some of these lines have points in common and some do not. On the 
top of the box are some lines (edges) ^ich have points in coiaaon and some 
which do not. If we think of the lines contained in the top and the bottom 
of the box, we see pairs which do not have points in common but have the same 
direction, and pairs which do rK>t have points in conanon and do not have the 
same direction. Is this situation also true of the edges in your classrooci? 
(An edge is the line of intersection of two walls, a wall and the ceiling, or 
a wall and the floor 0 

Can you hold your two arms in a position so that they represent inter- 
secting lines? Can you hold them in a position so that the lines they 
represent do not intersect but have the Bsme direction? Can you hold them 
in a position so that the lines they represent do not intersect and do not 
have the same direction? Are there any other possibilities as far as 
intersections of pairs of lines are concerned? 

18 
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The possible interscctioxis of tw different lines lasy be described in 
three cases. Fijsures are drawn to represent the first cases but not the 
third. As you rend the third cas^j can you think of the reauion it is 
difficult to represent it in a figure? Look at the figure for Problem 8 of 
£bcercises 3* Could this be iised for case three? 

Case 1# / and k intersect, or -s..^ J;^ 



that / and k are skev lines . 
Exercise 8, section 2, asks you to explain why two lines lie in the same 



plane if they intersect. In the figure above are shown two lines which 
intersect in point A. B is a point on one of the lines and C a point on 
the other. E!y Property 3^ there is exactly one plane which contains A^ 
and C. 

By Property 2, AB is in this plane. 
By Property 2, AC is in this plane. 
There is exactly one plane which contains the two lines 



Case 3. 



Case 2« 
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ia) (b) (c) 

A Llry and a Plane » !Iiiere Is a to arzuxiee a line and a plane so 
that their Intersection contalzis only one point. Does one of the drevlngs 
above sii^est this wyf inhere is another vay to arrange a line and plane so 
that their intersection contains many points! \^ch drawing suggests this 
imy? There is still another ^nj to arrange a line and a plane so that their 
intersection contains no points at aHl If the first tvo drawings were 
chosen correctly you wonH have difflc\U.ty in choosing the correct drawing 
this tlxne. If we refer to each of the above arrangements as a ''case^" then 
these three cases** might be suggested also by the sides and edges of a 
chalk hox, a shoe box, or the walls and edges of the room. 

Tw Planes. Next, let ue think of two different planes in space. 
Suppose their intersection is not empty* Does the intersection contain more 
than one point? Notice that the planes of the front wall and of a side wall 
of a room intersect in more than one point. If you have two sheets of paper 
and you hold a sheet of paper in each hand, it might seem that the pieces or 
sheets of paper could be held so tliat they have only one point of inter- 
section. But if we consider the planes of the sheets of paper and not just 
the sheets themselves, we see that if they have one point in cottmon, it 
follows that their intersection will necessarily contain other points. Can 
you hold the two sheets so that they are flat and still represent planes that 
would intersect in only two points? Keeping the sheets as flat as possible, 
can you hold them so that they intersect in a curved line like the arch of a 
bridge? 
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Let A and B be two points, each of which lies in two intersectiiag 
Talanes as in Figure (d). From Property 2, the line Sb aaist lie in each of 
the planes. Hence the intersection of the two planes contains a line. But 
if, as in Figure (e), the intersection contaizis a point C not on the line 
aI*^ then the two planes would be the sazzie plane. By Property 3 there woiU-d 
be ««ctly one plane containing A, B, C. We now state: 

Pro perty k: If the intersection of two different planes is not 
empty ^ then the intersection is a line . 




If the intersection of two planes is the esipty set, then the planes are 
said to be parallel , Several examples of pairs of parallel planes are 
represented by certain walls of a room or a stack of shelves. Can you think 
of others? 

In discussing the intersection of two different p'^anes ve have considered 
two cases. Let M and N denote the two planes. 

Case 1. M O N is not empty • M O N is a line. 

Case 2. M H N is unpty. M and N are parallel. 

Are there any other cases? Why? 



Exercises 2 

1- List the three cases for the intersection of a line and a plane. 
Indicate whether the intersection contains 0, 1 or more than 1 
point . 

2. Describe two pairs of skew lines {lines that do not lie in the same 
plane) suggested by edges in your room. 

3. On your paper. It el three points A, B, and C so that AB is not 

Draw the lir 2^ and A?, What is O 
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Carefully fold ft piece of paper in half. Does the fold suggest a linet 
Stand the folded paper up on a tatle (or d«8k) so that the fold does not 
touch the table. The paper makes sort of a tent. Do the table top and 
the folded paper suggest three planes? Is az^ point in all three planesf 
What is the intersection of all three planes? Are any tvo of the planes 
parallel? 

5. Stand the folded paper up on a table with one end of the fold touching 
the table. Are three planes suggested? Is any point in all three 
planes? What is the intersection of the three planes? 

6. Bold the folded paper so that Just the fold is on the table top. Are 
three planes sviggested? Is any point in all three planes? What Is the 
intersection of the three planes? 

7* In each of the situations of Exercises k, ^, and 6, consider only the 
line of the fold and the plane of the table top. What are the inter- 
sections of this line and this plane? You should have three (different?) 
answers^ one for each of Exercises 4, 5, and 6. 

8, Consider three different lines in a plane. Hov many points vould there 
be with etich point on at least two of the lines? Draw four figures 
showing how 0, 1, 2, or 3 might have been your answer. Why couldn't 
your answer have been h points? 

9. Consider this sketch of a house. 



E 




We have labeled eight points on the figure. Think of the lines and 
planes suggested by the figure. Name lines by a pair of points and 
planes by three points. Name: 

(a) A pair of parallel planes. 

(b) A pair of planes whose intersection is a line. 

(c) Three planes that intersect in a point. 
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(dj Ttmm plmoas that iaterscct in a line, 

(e) A linm md m pl a n e that do not Intaraect. 

(r) A pair of parallel lines. 

(g) A pair of skew lines. 

(h) Shree lines that intersect in a point. 

(i) Pour planes that have exactly one point in cossaon. 



6* Segaaents 

Coaaider three points A, and C as in the figure below. Do vre 

say that aiy one of tbea is between tlie other two? Ko, we usually do not. 




We use the word "between" ou^ when the points in question are on the saioe 
line. Look at points P, Q, and above* ISiese points represent points 
on a line. Is X between Q and y? Is Q between P and Y? Is P 
between X and Y? If you have said yes, yes, and in that order, you are 
correct. All of us have a good natural sense of vfaat it means to say that a 
point is between two other points on a line. 

You will observe, when we say that a point P is between points A and 
B, that we mean two things: First, there is a line containing A, B, and 
P. Second, on that line^ P is between A and B. 

Let us look at the figure again. Is there sccie point between P and 
Q? We have not labeled any, but we understand there are many there. In fact, 
for any two points, A and B, in space we understand the situation is like 
that for P and ISiere is a line containing A and B, and on this 
line, there are points between A and B. 

Finally, we are able to say what we mean by a segment. Thisk of two 
different points A and B. The set of points consisting of A, B, and 
all points between A and B is called the line sefflient AB, A and B 
are called the endpoints. We name the line segment with endpoints A and 
B by jS. Another name for this line segment is BA, 
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Bv«ry line sAgSMnt fam« e^ctly two endpolixts« CI*ftrly <»ich line segment 
ccafit«ln< polios other than iti endpoints. Scoetiaies a line scsgsient Is called 
limply a segaent e It is not vroog to do so^ if w« understand, alvays, that 
a sagstent is a part of a line. 




In the figure above, ve can lume segments KS, US, and ^« Are there 
other segments? Yes there are segj&ents SS!, IS, and SH. You recall that 
earlier we learned something about intersection of sets. What is the inter- 
section of AC and §5t 

Not only loay ve talk about intersection of sets, but ve also find it 
convenient to talk about the union of sets* The vord "tinion" suggests 
uniting or coobining two sets into a nev set. Hie union of two sets consists 
of those objects which belong to at least one of the tw sets. For e»unple, 
in the figure above, the union of AB and BC consists of all points of 
Jb, together with all points of BC, that is, the segment AC. 

We use the symbol \J to wmxx "union." That is, X U Y Mans "the 
union of set X and set Y." Suppose that set X is the set of numbers 
{1,2^3,4} and set Y is the set of numbers {2,4,6,8,10}. Dd you have any 
idea of what X U Y is? Yes, it is {1,2,3,^,6,8,10). In the union of 
two sets, we do not think of an element which occurs in both sets as appearing 
twice in the union* There is one element that is a member of two different 
sets; the union has the one clement . 

Again, let us think of the set of all pupils who have red hair and the 
set of all pupils who can swim. Ve may thixik: 

Let set R be the set of pupils with red hair. 
Let set S be the set of pupils ybo can svijn. 

Then BUS is the set of all yapils who either have red hair (whether or 
not they can swim) or who can swim (tether or not they have red hair). John, 
vho is a boy with red hair, is a m^er of set R« Since John swims, he is a 
meatier of set S. The set R U S has John listed only once. 



21* 



Sxerdses 6 

1. Qrftv c horizontal line. lAbel four points on it and S 
in that order from left to right. Siioe tvo segments : 

(a) Whose intersection is a segzoent. 

(b) Whose intersection is a point. 

(c) Whose intersection is CBg)ty. 

(d) Whose union is not a segment. 

2. Draw a line. Label three points of the line 5^ and C with B 
betveen A and C. 

(a) What is SI H EUt 

(b) What is AC n BC? 

(c) What is AB VJ BC? 

(d) What is ^ U AC? 

3. Draw a segment. Label its endpoints X and Y. Is there a pair of 
points of XY vith Y between them? Is there a pair of points of 
with Y between them? 

4. Draw two segaents AB and CD for which AB O is empty but 

is one point. 

5. Draw two segaents 55 and r5 for which ^ H Sg is empty, but 
p5 is Ss. 

6. Let A and B be two points* Is it true that there is exactly one 
segment containing A and B? Draw a figure explainii^ this problem 
and your answer. 

7- Draw a vertical line / . Label A and B two points to the right 
of / . Label C a point to the left of / . Is AB H / empty? 
Is AC n / empty? 

8. In some old-fashioned geometry books the authors did not make any 
distinction between a line and a line segment. They called each a 
"straight line." With ''straight line" meaning: either of these things, 
explain we cannot say that "through ax^ two points there is exactly 
one straight line." 

^9- Explain why "union" has the closure property and is both commutative and 
essociative* In other words, if X, Y, and Z are sets, explain \fhy: 

(a) X U Y is a set. 

(b) X U Y « y U X. 

(c) (X u Y) U z = X U (y U z). 
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#10. Show that for every set X, we have: 

X U X « X 



J m Separations 

In this section ve shall consider a ve2:y isrportant idea — the idea of 
separation. Ve shall see this idea applied in three different cases. 

Let M be the name of the plane of the front chalkboards This plane 
separates space Into tvo sets: (l) the set of pojnts on your ^side of the 
plane of the chalkboard^ and (2) the set of points on the far side (beyond 
the chalkboard from you)t (Ibese tvo sets are called half ^spaces * The plane 
M is not in either half -space. 

Let A and E be any tvo points of ace not in the plane M of the 
chaliiboard. Then A and B are on the ^ side of the plane M if the 
intersection of aS and M is empty, that is, if ^ O M Is empty. 
AlsOj A and B are on opposite sides of the plane M if the intersection 
of 7^ and M is not empty; in other words, there is a point of M between 
A and B. 

Any plane M separates space into two half -spaces . 

If A and B are ia the sarc half -space, AB O M is empty. If A 
and E are in different half- spaces, AB O M is not empty. We call M 
the boundary of each of the half -spaces. 

Nov consider only the plane M of the front chalkboard. Do you see 
hov the plane M itself coxLld be separated into two half -planes? What could 
be the boundary of the two half -planes? Look at the next figure consisting 
of line, i , £ 

and three points, A, B, and C. Is AB O / the esrpty set? Is S5 H / 
the empty set? What about AC H / ? We may say that: 

Any line / of plane M separates the plane into two half-planes . 

We call the two half -planes into which £ separates M, the sides of £ . 
We indicate the sides of £ by referring to the A-side of £ or the 
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C««ldt of / . Xotice that in the above figure, the B*side of / « 
the A-«ide of jf • !I5ie line jt is not in either half -plane* 

In the figure helov the S«side of ling k is shaded and the T-side 
of k is not shaded « 




Hov consider a line £ . Hov would you define a half -line? Can you eay 
ax;ythir^ about segments in this definition as we did in defining half -planes 
and iialf- spaces? What would the boundary be? Is the boimdary a set of points? 



AC B 



P 

If point P separates the line in the fi^jure into tvo half-lines^ are A 
and B on the same half -line? Are A and C on the sasie half -line? Is 
P between B and C? 

Our third case should now be clear. Can you state it? 

It is important to note that these three cases are almost alike. They 
deal with the same idea in different situations. Thus: 

(1) Any plane separates space into two half - spaces . 

(2) Any line of a plane separates the plane into tw half - planes . 

(3) Any point of a line separates the line into two half -lines . 

There is one other definition that is useful. A tb^ is a half -line 
together with its endpoint. A ray has one endpoint. A ray without its 

cndpoint is a half -line . We usually draw a ray like this^ ^ • 

If A is the endpoint of a ray and B is another point of the ray^ ve denote 
the ray by A?. Note that is not We use the term ray in the same 

sense in which it is used in "ray of light." 

In everyday language, we sometimes do not distinguish between lines, 
rays, and segments. In geometry we should distinguish between them. A "line 
of sight" reaUjr refers to a ray. You do not describe somebocjy as in your 
line of sight if he is behind you. The right field foxa line in baseball 
really refers to a segment and a ray. The segment extends frcm home plate 
through first base to the baU park fence. It stops at the fence. The ray 
starts on the grouxid and goes up the fence. What happens to a home run ball 
after it leaves the park makes no difference to the play in a major league 
game. 




Exercises 7 

It In the figure at the right, is the 

R-aide of / the same as the S-side ^ * 

of £ 1 Is it the saute as the Q-side? 
Are the intersections of £ and KJ, 0^ 
/ and RS en5)ty? Are the inter- 
sections of j[ and qB, / and M 
enqpty? Considering the sides of 

are the previous two answers what you would expect? 

2. Draw a line containing points A and B. What is AB H BA? What is 
the set of points not in aS? 

3* Draw a horizontal line. Label foxir points of it A, B, C and D 
in that order frcm left to right. 

Kaiae two rays (using these points for their description): 

(a) Whose \mion is the line. 

(b) Whose union is not the line, but contains A, B, C, and D. 

(c) Whose union does not contain A. 

(d) Whose intersection is a point. 

(e) Whose intersection is empty. 

km Does a segment separate a plane? Does a line separate space? 

5« Draw two horizontal lines k and / on your paper. These lines are 
parallel. Label point P on £ * Is every point of jS on the P-side 
of k? Is this question the same as "Does the P-side of k contain 
i"? 

6. The idea of a plane separating space is related to the idea of the 

surface of a box separating the inside from the outside. If P is a 
point on the inside and Q a point on the outside of a box, does 15 
intersect the surface? 

Explain how the union of two half -planes laight be a plane. 

*8. If A and B are points on the same side of the plane M (in space), 
must M be empty? Can n M "be emptyl 
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8. Angles and Triangles 

Angles . Some of the aost iagxDrtant ideas of geometry deal with angles 
and triangle* • An angle is a set of points consisting of two rays with a 
coiBBon endpoint and not both on the same straight line. Let us say this in 
another vnay. Let BA and b5 he two rays such that A, B, and C are 
not all on the same line. Then the set of points consisting of all the points 
of together with ail the points of BC is called the angle ABC. The 

angle is the union of two rays • The point B is called the vertex of the 
angle. The rays S and b5 are called the rays (or scwetimee the sides ) 
of the angle. An angle has exactly one vertex and exactly two »ys. 

An angle is drawn in the figure below. You will recall from section 3 
that we really m^an "a representation of an angle is drawn." Three points 
of the angle are labeled so that 
the angle is read "angle ABC" and 
auiy be written as, "Z-ABC," The 
letter of the vertex is always 
listed in the middle. Therefore, 
/.ABC isZ.CBA. Hote that in 

labeling this angle the order of A and C does not matter, but B must 
be in the middle. Is Z-ABC the same €ts l^BAC (not drawn)? 

From the figure it looks as if the angle ABC separates the plane 
containing it. It is true that the angle does separate the plane. The two 
pieces into which the angle separates the plane look somewhat different. 
They look like; 




We call the piece indicated on the right the interior of the angle and the 
one on the left the exterior. Ve can define the interior of the Z-ABC as 
the intersection of the A-side of the line and the C-side of the 

line It is the intersection of two half planes and does not include 

the angle. The exterior is the set of all points of the plane not on the 
angle or in the interior. 
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TriangleB > Let A, and C te three points not e11 on the same 

straight line. The triangle ABC, written a« AABC, is the union of AB, 
AC, and Sc. You will recall that the xmion of two sets consists of all of 
the eiesjents of the one set together with all the eleiaents of the other* We 
may define the AABC in another way. The triangle ABC is the set of 
points consisting of A, B, and C, and ail points of AB between A and 
B, all points of between A and C, and all points of between 

B and C. The points A, B, and C are the vertices of MBC. We say 
"vertices" when referring to more than one vertex. Triangle ABC is 
represented in the figure. 



A 




C B 

Angles of a Triangle- We speak of AB^ AC, and BC as the sides of 
the triangle, Ve speak of Z-ABC, Z-ACB, and LBkC as the angles of the 
triangle • Tliese are the angles determined by the trietngle. Are the sides 
of the triangle contained in the triangle? Are the angles of a triangle 
contained in the triangle? You may wonder yhy we call Z-ABC an angle of 
MBC when ^ABC is not contained in AABC. The sides of the triangle are 
line segments; the sides of the angles are rays* The difference is important. 

Note that a triangle is a set of points in e^^ctly one plane. Every 
point of the triangle ABC is in the plane ABC* Look at the figure above. 
Does MBC separate the plane in wlilch it lies? Yes, it certainly seems 
to do sc. It is true that it does. The MBC has an interior and an 
exterior. The interior is the intersection of the interiors of the three 
angles of the triangle. The exterior is the set of all points of plane ABC 
not on AABC or in the interior of MBC. 

Exercises 8 

Label three points A, B, and C not all on the same line. Draw 
aS^ and 

(a) Shade the C-side of Ss. Shade the A-side of What set is 
now doubly shaded? 

(b) Shade the B-iiide of AC* What set is now triply shaded? 

JO 
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I«bel three points X, Y, «id Z not aU oa the sai&e line. 

(a) Qrav ^ XX2 and Z.XZy. Are they different angles? Why? 

(b) Draw /_rX2. Is this angle different froa both of the other two 
you have drawn? 

Each angle is a set of points in exactly one plane. Why is this 
true? 




Draw s triangle ABC. 

(a) In the triangle, vhat is Sb H AC? 

(b) Does the triangle contain any rays or half-lines? 

(c) In the dravdng extend AB in both directions to obtain ^. 
What is AB n S? 

(d) What is n MBQf 

Refer to the figure on the right. 

(a) What is YW O .<2AEC? 

(b) Kame the four triangles in 
the figure. 

(c) Which of the labeled points, 
if any, are in the interior 
of any of the triangles? 

(d) Which of the labeled points, if any, are in the exterior of any of 
the triangles? 

(e) IJame a point on the same side of WY as, C and one on the opposite 
side. 

Draw a figure like that of Exercise k, 

(a) Label a point P not in the interior of any of the triangles. 

(b) label a point Q inside two of the triangles. 

(c) If possible, label a point R in the interior of MBC but not 
in the interior of any other of the triangles. 

If possible, make sketches in which the intersection of a line and a 
triangle is: 

(a) The empty set. (c) A set of one element. 

(b) A set of two elements. (d) A set of exactly three elements. 

If possible, make sketches in which the intersection of two triangles is: 

(a) The empty set. (c) Exactly four points. 

(b) Exactl^^ tvo Faints. (d) Exactly five points. 
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In the figure, whmt aare the folloving: 

(a) ^ABC A aS 

(b) AABC n ^ 



(c) OZ.ACB 

(d) AS n 



(f) S5 n /.ABC 

(g) BCn/-ACB 

(h) /.ABC n ^^ABC 



(e) /.BCA n /.ACB 




* 9. In a plane If tw triangles have a side of each in cooncm, mist their 
interiors intersect? If three triangles have a side of «ch in coaanon, 
must sane tw of their interiors intersect? 

*10. Qrav Lahel points X and Y in the interior and P and Q in 

the exterior. 

(a) »ist cveiy point of S he in the interior? 

(b) Is every point of 1^ in the exterior? 

(c) Can ycAX find points R and S in the exterior so that RS O Z-ABC 
is not empty? 

(d) Can » n /.ABC be esipty? 



9. One* to -One Correspondences 

In your previous mathesaatical experiences^ you may have used the idea of 
"one-tO'One correspondence" in talking abcnit counting nuinbers. This idea is 
also useful in geometry. . By "one-to-one correspondence" we mean xne matching 
of each member of a certain set with a corresponding memb er of another set. 
Before we use this idea in geoMtry, let us review our previous experience. 

Once upon a time, primitive man, as he Icept track of his sheep, matched 
each sheep in his flock with a stone. The shepherd would bxiild a pile of 
stones each morning, composed of one stone for each sheep, as the flock left 
the fold* for the pasttire. In the evening he would tz«isfer the stones to a 
new pile, one at a time, as each sheep entered the fold. If all stones were 
thus transferred, then the shepherd knew that all his sheep were safe in the 
fold for the night. This is true because for each stone there was a matching 
sheep, and for each sheep there was a matching stone. 
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I«t us t«ke another exaapie. aippoBo you have sold seventeen tickets to 
a school play. Let T be the set of tickets you have sold. Let c be 
the set of people who are adaiitted to the theatre by these tickets. Is there 
a one-to-one correspondence between T and C? How do you taiowT 

Consider the set of counting aumbers less than eleven. Let us fom two 
sets froBi these nusibers. Set A, containing the odd auabera: {1,3,5,7,9} 
and set B, containing the even nuabers: C2,J*,6,8,10} . Is there a one-to- 
one correspondence between set A and set B? The answer, of course, is 
yes, becaiise every odd nuaber can be Hatched ^th an even auinber. Let us 
deaonstrate this by t^se of the following schea«: 

1 3 5 7 9 

( t i t t 

2 4 6 8 10 

Is this the only way in which the elements of these tvo seta can be taatched? 
Form a different matching of your own. 

The game of musical chairs is fun because it is l^sed on not having a 
one-to-one correspondence. Why is this? Is there ever a one-to-one 
correspondence at some stage in the game? 

Given set A: {a,b,c,d,e,f ,g), and Bet B: {I,II,III,IV,V), is there 
a one*to-one correspondence between these two sets? Deaonstrate your answr 
by using the scheme used previously for the sets of even and odd numbers. 

The facts you learn about number and the facts you learn in the study of 
geometry viU eventually be combined in a subject known as "coordinate 
geometry." Great advances in science and technology have been made because 
of this combination. To understand how this union of number and geometry is 
accomplished, we shaH once again call upon the ideas of "line in the 
gec^tric sense," "nuxnfaer line," and "one-to-one correspondence." 

Class Discussion Problems 

Follow the given directions in making a drawing somewhat like the given 
figure • 




QoestlOQs Ar« tie«tter«d throughout the directions. Ansvi^r the questions as 
you 00 along. 

1« , Qrav s line and lalbel it t • 

2» Qioose a point not on line / and label it F« 

3. Mark soii^e point A on line / • 

4. Draw line FA« 

(a) Is FA n / equal to the eispty set? 

(b) Itoes the intersection set of FA and M have only one element? 
Why? 

5. CSioose two other points, B and C on £ n Draw and FC. 

(a) Througn each additional point marked on / can you draw a line 
that also goes through point P? 

(b) Let all lines which intersect jt and pass threugh F be the 
eleocnts of a set called K. Hov many eleronts of K have been 
drawn up to nov? 

(c) Itoes each indicated element of K contain a point on /? 

(d) Can each indicated element of K be matched with an indicated 
point on / ? 

(e) Do you think that, if more elements of K were drawn and more 
points on ^ were marked, each element of K could be matched 
with a corresponding element of £ 2 

6» Mark points D and E on £ b Draw elements of K that can be matched 
vith these points. Is it true that for each element (indicated or tiot) 
of K there is a corresponding element of / and for each element of 
/ there is a corresponding element of K? 

Draw an element of K. 

(a) Does it intersect / ? 

(b) In how many points does it intersect /? 

8. Copy and complete the following sentence to make it true: 

To a throug>i P and intersecting j[ there corresponds a 

on £ and to a on / there corresponds a 

through P and intersecting / . In other words, there is a 

one-to-one correspondence between the set K of lines and the set £ 
of points* 
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Sxerclses 2 

!• Is there a one-to-one correapondence between the pupils and the desks 
in your rooial Why? 

2. Is there a one-to-one correspondence between the states of the United 
States and the U« S. cities of over 1,000,000 in population? Why? 

3« You have heard of the egression: "Let*s count noses/' Dees this imply 
a one-to-one correspondence situation? If so, what is it? 

4# Show that there is a one-to-one correspondence between the set of ever, 
whole nuBijers and the set of odd vtole nuiabers. 

5» If set R is in one-to-one correspondence with set S and set S with 
set T, is set R in one-to-one correspondence with set T? Why? 

6. Describe a one-to-one correspondence between the points A, B, and 

C which determine a triangle and the sides of the triangle. Can you do 
this in jnore than one way? 

?• Draw a triangle with vertices A, B, and C# Label a point P in 
the interior of AAEC. I»et H be the set of all Mys having P as 
endpoint. We understand that the elements of H are in the plane of 
AABC. Draw sevezul rays of H. Can you observe a one-to-one correspond- 
ence betwicen H and AABC? For every point of AABC is there exactly 
one ray of H containing it? For every ray of H is there exactly one 
point of MBC on such ray? 

8. Draw an angle XiZ with the vertex at Y. Draw the segsnent JE. Think 
of K as a set of rays In plane XYZ with com^n endpoint at Y. K 
is the set of all such rays >rtiich do not contain points in the exterior 
of ^XYZ. YX and YZ are two of the mny elements of K. Draw 
another element of K. Does it intersect )E? For each element of K 
will there be one such matching point of 3S? Label D a point of YX 
and E a point of YZ. Draw DE. Is there a similar one-to-one 
correspondence between the set of points of YZ and the set of points 
of DE? 

#9» Describe a one-to-one correspondence between the set of points on the 
surface of a ball and the set of rays with consaon endpoint inside the 
ball. 
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#I0# Qescz^be « on«-to«<me correipondence between a set U of all liaes 

in a plana through a point and a set K of all planes through a line 
in 8pai.v'« (Think of a revolvinfi door and the floor under the door.) 

# 11 . Let She the set of all rays in 
plane ABC with endpoint at P. 

(a) Is there a one^to-^one 
correspondence hetveen 
S and MSB? 

(b) la there a one-to-one 
correspondence hetveen 
S and Z^FC£t 

(c) Is there a one-to-one 
correspondence between 
AABD and Why? 

it 12. Establish a one-to-one correspondence between the set of all even numbers 
and the set of all natural numbers. 




10. Simple Closed C?urves 

In newspapers and magazines you often see graphs like those Figures 
a and b. These graphs represent what are called curves. We shall consider 
curves to be special types of sets of points. Sometimes paths that wander 
around in space are thought of as curves. In this section, however, we 
confine our attention to curves that are contained In one plane. We can 
represent them by figiires ve draw on a chalkboard or on a sheet of paper. 

A curve is a set of points which can be represented by a pencil drawing 
made without lifting the pencil off the paper. Segments and triangles are 
e xam p les of curves we have already studied. Curves may or may not contain 
portions that are straight. In everyday language we use the term "curve*' in 
this same sense. When a baseball pitcher throws a curve, the ball seems to 
go straight for a while and then "breaks" or "curves," 
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Pig* a Fig. b Pig. c ?ig. d Fig. e 



One iaportmnt type of c-r^^ i« called a broken ^ line curve. It is the 
union of several line segaeiit^, .lat is, it consists of all the points on 
several line segments. Figure a reprocents a broken-line curve. A, B, C, 
and D are indicated as points on the curve. We also say that the curve 
contains or passes through these points. Figures b to i also represent • 
ctirves. In Figure b, points and R are indicated on the curve. Of 

course, ve think of the ciu^e as containing many points other than P, 
and R. 

A curve is said to be a simple closed curve if it can be represented 
by a figure drawn in the following manner. The drawing starts and stops at 
the same point* Otherwise, no point is touched twice. Figures c, g, h, and 
i represent simple closed curves. The other figures of this section do not. 
Figure J represents two simple closed curves. Th^ boiindary of a state like 
Iowa or Utah on an ordinary map represents a simple closed ctirve. A fence 
which extends all the way aixjund a cornfield suggejts a simple closed cuirve. 




Pig. f Fig. g Fig. h 



The examples we have mentioned, including that of a triangle, suggest a 
very iBQorbant property of simple closed curves. Each siatple closed curve 
has an interior and an exterior in the plane. Rirthermore, any curve at all 
conta inin g a point in the interior and a point in the exterior imist intersect 
the 8iB5>le closed curve. As an example, consider any ciirve containing 

37 



EKLC 



4: 



A and B of Pifiure g and lying in tiie plane. Also any two points in the 
interior (or any two poiirts in the exterior) ma:/ Joined by a broken-line 
curve which does not intersect the sisgjle closed curve. Figure h indicates 
this. A siinple closed curve is the boundary of its interior and also of its 
exterior. 

We call the interior of a simple closed curve a region > There are other 
types of sets in the plane which are also regions. In Figure J, the portion 
of the plane between the two simple closed curves is called a region* Usually 
a region (as a set of points) does not include its boundary- 




Consider Figure J. The simple closed curve (represented by) is in 

the interior of the simple closed curve J • We may obtain a natural 

one-to-one correspondence between and as follows. Consider a point 

such as P in the interior of J^, Consider the set of rays with endpoint 

at P. Each such ray intersects each point of and in a single 

point, Purthermore, each point of J and each point of J is on one such 

^ 2 

ray. A point of corresponds to a point of if the two points are on 

the same ray from P, Note that this procedure using rays would not determine 
a one-to-one correspondence if one of the simple closed curves were like that 
in Figure i, 

Exercises 10 

1. Draw a figure representing two simple closed curves whose intersection 
is exactly two points. How many simple closed curve*.^ are represented 
in your figure? 

2. In Figure J, describe the region between the curves in terms of 
intersection^ interior and exterior. 
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6. 



*7. 



*8. 



Draw two triangles whose iatersection is a side of each. Is the union of 
the other sides of both triangles a simple closed curve? Hov inacy siinple 
closed curves are represented in your figure? 

In a map of the United States, does the union of the boundaries of 
Colorado and Arizona represent a simple closed curve? 

Think of X and Y as bugs which can crawl anywhere in a plane. List 
three different simple sets of points in the plane, any one of which 
will provide a boundary which separates X and Y. 

The line / and the simple closed 
curve J are as shown in the figure. 

(a) What is J H i? 

(b) Draw a figure and shade the 
intersection of the interior 
of J and the C-side of £ • 

(c) Describe in terms of rays 
the set of points on £ 
not in the interior of J. 

Draw two simple closed curves, one in the interior of the other such 
that, for no point P do the rays from P establish a one-to-one 
corresi>ondence between the two curves. Consider Figure i. 

Draw twD simple closed curves whose interiors intersect in three 
different regions. 

Explain why the intersection of a simple closed curve and a line cannot 
contain exactly three points if the curve crosses the line when it 
intersects it. 
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